We give explicitly the surgeries governing the changes of quotient manifolds of real algebraic surfaces in CP3. We also make a number of general observations regarding quotients of complex surfaces under antiholomorphic involutions.
Introduction
A real algebraic surface in CP' is by definition a set of the form F-' (0) c CP', where F(zo, ~1, x2, x3) is a homogeneous polynomial with real coefficients. Complex conjugation of the variables induces an antiholomorphic involution on real algebraic surfaces; the quotients F-' (O)/ con are the subject of this paper. j Fixing the degree d, real algebraic surfaces are parametrized by RPN, where N depends on d. The singular surfaces comprise a hypersurface in RPN, defined by the zero locus of the discriminant. Nonsingular real algebraic surfaces consequently form a disconnected subset of RPN, and their quotients will generally differ on different components. In contrast, the surfaces F-' (0) themselves have a fixed diffeomorphism type.
The main results in this paper describe surgeries that relate the quotients on the different components. Closely related is the classification of the real part F-' (0) n RP', which is unknown for deg F > 4, despite the vintage work of Hilbert and the contemporary work of several Russian mathematicians.
Donaldson [4] asked more generally whether quotients of Kahler surfaces under antiholomorphic involutions can lead to new 4-dimensional manifolds. Attempting to answer this question by gauge-theoretic techniques was one of the motivations of the work [ 141.
This short paper is organized as follows: in Section 2 we describe explicitly all the quotients F-'(O)/ con w j h en the degree deg F < 4. For higher degree, we give the surgeries on the quotients when a nonsingular real algebraic surface is deformed to another one acrossing a singular surface with a double point. Then in Section 3, we indicate several analogous ways of constructing smooth 4-manifolds. We also prove that in general, these manifolds do not admit compatible Kahler structures, which explains why they are interesting to study.
Quotients and surgery
We first identify explicitly all quotients Proof. It is observed in Donaldson [4] that the quotient of a K3 surface X under any antiholomorphic involution (T is always diffeomorphic to a rational or Enriques surface. Briefly the proof goes like this: S.-T. Yau's solution to the Calabi conjecture yields a hyper Kahler structure I, J, K on X, with respect to one of which g becomes holomorphic.
Hence the quotient X/a has an induced complex structure. A use of Castelnuovo's criteria implies that if cr is not free, then X/a must be a rational surface, thus diffeomorphic to either S2 x S2, or CP2 # KP2 for some o. (Indeed, since X/a is easily seen to be simply connected, its irregularity q = 0. To see the second plurigenus P2 = 0, notice that the square of the canonical bundle is isomorphic to a bundle corresponding to a negative divisor by the proof of the assertion below.) If the involution is free, the quotient is of course diffeomorphic to an Enriques surface.
We can certainly apply this observation to X = F-' (0), since F-* (0) is a K3 surface. To see precisely which o's are realized in the quotients, we only need to find all the possible values of the Betti number b2 of the quotients, and in the case b2 = 2, also whether the quotient is spin or not (giving quotients S2 x S2 or CP2#a2).
For clarification, let C = X n RP3 and Y = X/conj. Notice that X -+ Y is a double cover branched over Z, 
with which it is easy to verify that f can be expressed as
where H&(V) is c-equivariant in w. 0
Any family of real polynomials Ft with the same degree can be perturbed so that only double (singular) points occur in the singular surfaces. Therefore it is sufficient to consider a family of real algebraic surfaces in which the only singular surface has one double point. More specifically, consider a family of degree d surfaces in CP3, parameterized by t within a neighborhood of 0 E C. Suppose F(t; z) is c-equivariant with respect to (t; z), so we have a family of real algebraic surfaces parameterized by real t. Denote the zero locus of F(t;x) by X,, and when t is real, denote the quotient Xtjconj by Y,.
Suppose that for any fixed t # 0 the surface F(t; x) is nonsingular everywhere, and that F(0; z) has only one double point a = [l, O,O, 0] E CP'. If moreover aF(t; x)/at is nonzero at (0; a), so that the equation F(t; XT) = 0 can be solved locally around (0, u) by t = f(x). Then using the affine coordinates of CP3, Lemma 2 implies that there is a c-equivariant holomorphic coordinate transformation such that f = -y: + yz + yz or yf + y/22 + yg. For convenience, we say that a is a standard or nonstandard double point of F(0; x) corresponding to these two forms of f. Thus when the real t # 0 switches signs, for standard double point, the genus of the real part X, n RP3 is changed by one (or two if the real part is nonorientable), but for nonstandard double point a new sphere is created or lost in the real part. (This is because the real zero locus of Z: = -z: + Z; + Z; in RP3 is 5" x Si and that of Z$ = Z: + z; + zz is S*.) We can now state one of the two main results in the paper. There are a couple of examples explaining the N-surgery. A basic one is the family of quadric surfaces F(t; x) = txi + xy + xi + xi: it is not difficult to check that for t < 0 the quotient Yt is cp2 and for t > 0, Yt is S2 x S2/~e where ae(u, V) = (-u, -v). Using the language of N-surgery, this says that we cut T4 from a2 = pi U~(4,i) T4 (see Lawson [9] ) and paste back Nt so get El uL(~,I) N1 which is indeed S2 x S2/oo.
A more subtle example of N-surgery is a real K3 surface. By Proposition 1 above, there is a real degree four polynomial F such that the corresponding quotient F-'(O)/conj is CP2 # 10e2 with real part S2. Such a polynomial can be deformed, via one double point, into a real polynomial with empty real part, therefore giving the Enriques surface as quotient. Thus the N-surgery in this case changes CP*# 1OCP' into the Enriques surface.
Since the Enriques surface can be identified with the Dolgachev surface D2,2, the Nsurgery here is realized as first splitting off a @ * from CP*# lo@ 2 and then composing with the (2,2)-logarithmic transform on the elliptic surface CP* # 9CP * to get 02,~.
These examples show that N-surgery can indeed change manifolds substantially, e.g., fundermental groups. It appears interesting to investigate such surgery in some details. Also according to Hodgeson and Rubinstein [6] , the diffeomorphism group of L(4, 1) up to isotopy is Zz (which send 1 E Z4 = ~1 (L(4,l)) to 1 or -l), thus there are two ways to glue T4 and Nt. It is not clear to the author how they affect the surgery.
Other related constructions
Take X to be the covering of CP* branched over the zero locus of a real polynomial f(za, 21, ~2) of even degree. Then lifting the conjugation on CP* endows X with two antiholomorphic involutions. For degree up to six, where the classification of real algebraic curves f-' (0) 1s available, one concludes that the quotients of X under these involutions are standard, namely S4, S* x S* or connected sums of CP* with its reverse. More generally for higher degree, Akbulut [l] Proposition 6 covers abundant examples. For instance any even degree real algebraic surfaces in CP' and coverings of CP* over any curves of degree 2(1 + 2d) all satisfy the conditions in Proposition 6. (The restrictions on the degree guarantee that the fixed point set is orientable.) Therefore none of the quotients from these Kahler manifolds have Kahler structures, and it would be very interesting to see whether these quotients can actually be decomposed into connected sums.
Finally we propose another construction which may also lead to non-Kahler 4-manifolds. Take any Kahler surface with antiholomorphic involution. Suppose the real part generates a homology class divisible by two, then we can take the covering space branched over the real part. Such a branched covering appears to be interesting to study. For example the branched covering of CP* # @ 2 over the standard RP* # RP2 is the Hopf surface S' x S', which does not admit any Kahler structures again!
